The exchange option was introduced by Margrabe in [1] and its price was explicitly computed therein, albeit with some small variations to the models considered here. After that important introduction of an option to exchange one commodity for another, a lot more work has been devoted to variations of exchange options with attention focusing mainly on pricing but not hedging. In this paper, we demonstrate the efficiency of the Malliavin derivative in computing both the price and hedging portfolio of an exchange option. For that to happen, we first give a preview of white noise analysis and theory of distributions.
Introduction
White noise analysis and theory of distributions is treated extensively in [2] [3] [4] [5] and references therein. Applications in the form of the generalized Clark-Haussmann-Ocone (CHO) formula was studied in [6] [7] [8] and references therein. The theorem takes advantage of the martingale representation theorem which expresses every square integrable martingale as a sum of a previsible process and an Itô integral. The power of the generalized CHO is that one can take advantage of the Malliavin derivative for computing the hedging portfolio. The Malliavin derivative is a better mathematical operation as opposed to the delta hedging approach whose limitations are a failure to explain differentiation of some payoffs which are not differentiable everywhere or if the underlying security is not Markovian. Most of the attention in contingent claim analysis is directed at pricing because of its importance to market practitioners. It is in this regard that explicit results of hedging portfolios for different options are not always readily available. In this paper, we present both explicit results of the price and hedging portfolio of an exchange option, written on two underlying securities with independent Brownian motions. The ground-breaking work was done in [1] . The market setup is a complete market setup to escape the problem of not finding a perfect hedge.
Hedging portfolios are just as important as prices of options in that they give us an understanding of how sellers or writers can managed dynamically to replicate the payoff of a contingent claim. The price at any time of the contingent claim equals the intrinsic value of the hedging portfolio at that point.In the case of a European exchange option, the payoff X T . A more interesting problem will be to look at an American exchange option where the buyer would exercise on or before maturity. Such an exercise time will be a stopping time and the price for such an option will be the essential supremum, over all stopping times, of the payoff above. Our attention in this paper is on the European exchange option.
The price of the exchange option will be determined from the CHO formula as the discounted expectation of the payoff   F  while the hedging portfolio will be obtained from the integrant in the martingale representation theorem setup of the the payoff. This integrant involves the Malliavin derivative of the payoff and its market price of risk and in the case that the latter is time-dependent, it reduces to the discounted expectation of the Malliavin derivative of [6] and summarized below.
Let be the Schwartz space of rapidly decreasing smooth functions and be its dual, which is the space of tempered distributions.Now, for
 denote the action of  on  , then by the Bochner-Minlows theorem, there exists a probability measure P on S such that
. In this case P is called the white noise probability measure and is the white noise probability space.
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 As a result, we shall be considering the space S , as the sample space  , so that our asset prices will be defined on the probability space  , ,  F P  where F is the family of all Borel subsets of . The construction of a version of the Brownian motion then is a direct consequence of the Bochner-Minlows theorem in that if where is normal with mean 0 and variance . One can easily prove that is really a standard Brownian motion described in [7] as a continuous modification of the white noise process constructed above.
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The Brownian motion constructed this way is a distribution and thus special operations like the Malliavin derivative, defined below, are possible. Note that the Brownian motion is not differentiable in the classical sense but is differentiable in the Malliavin sense. The Malliavin derivative is a stochastic version of the directional derivative in classical calculus, with the direction carefully chosen. The following definition is from [7] . Definition 1.1 Assume that has a directional derivative in all directions 
Just like any operation where using "first principles" is not usually easy operationally, one can use a series of characterizations to the above definition, which includes the chain rule, to compute the Malliavin derivative of any random variable which is differentiable. The set of all differentiable square integrable random variables was denoted by in [7] . As an illustration, we see that
 and the chain rule yield that,
n this paper,
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Therefore classically, one sees that the Malliavin derivative, in some sense, mimics differentiation in deterministic calculus. This is a big departure from Itô derivation which does not in any way make sense as a derivative in classical sense. Thus the space S   , the sample space, is rich enough to accommodate the concepts we require for our calculations.
The paper is organized as follows: The next section gi Complete Markets e now consider the asset probability space   , , t P F  where t F is the standard filtration generated b ownian m tions, and which is rich enough to represent the information available to traders about all assets on the market at any time 0 t  . The first security is a risk-free asset, e.g. bank acc nt y the Br o ou where the balance in the bank is
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and is a solution of the deterministic di fferential equation
under the assumption of existence of a unique solution
is the interest rate which ll later assume ant for computational advantages.
The oth we sha is const er securities are risky securities, e.g. stocks where for each 1 i n   , the price
In all these cases we consider fin ve In this case we are considering . as the usual norm in .
for some ite time horizon T and throughou er, we are taking Tr to mean transposition.
An in stor who selects a portfolio consisting of the
assets will have to work out the proportions of alth that he has to invest in each of the his we
, From now on, without loss of generality, we assume constant coefficients. Then Equation (2.5) becomes represents the investor's holdings at any time , where for each 1 
  is the n units of security number tha nvestor will hold. In future we shall refer to the ector of prices , and his wealth is the cumulative savings in the count plus the trading gains up to and including the date of liquidation. We assume that the portfolio is self financing, so that, the value of this portfolio at time 0 t  is given by
This is a particular version of the Martingale Representation Theorem which can be found for example, in [9] applied to a particular square integrable martingale
It is this Martingale Representation theorem which the CHO formula relies on. We state here the theorem without proof and refer the reader to [6] for more details.
Theorem 2.1 (The generalized Clark-Ocone-Haussmann formula)
F D  and assume that the following conditions hold: s 
where denotes the Malliavin derivative. By ness due to the Martingale Representation Theorem, we get
where as before and means transpose. Therefore d by the value function with corresponding boundary conditions. If such a boundary value problem can be simplified explicitly, or through numerical techniques, then the price can be determined either explicitly or as a good approximation respectively. Other direct numerical methods of solution like the Monte Carlo simulations involve simulations of the underlying security itself and approximations of the expected values give estimate of (2.8). In this paper, we will find explicit results using some important change of measure transformations which we prove first.
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In order to facilitate our computation and taking advan- 
and variance 1 since
To prove that 1 X   and 2 X are independent with respect to P X are uncorrelated , that is,
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X be as given in Proposition 3.1 and let 1 2 1 , , y y  and 2  be real numbers. Then We have
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By using the notation in Proposition 3.1, then the previous expression can be re-written 
We have shown in Proposition 3.1 that the random variables 2 X and 1 1 X     1 P are standard normal distrions with respect to  ti , so that with respect to the same probability measure, the random variable 
Price and Hedging Portfolio of an Exchange Option
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